In bioinformatics, the notion of an "island" enhances the efficient simulation of gapped local alignment statistics. This paper generalizes several results relevant to gapless local alignment statistics from one to higher dimensions, with a particular eye to applications in gapped alignment statistics. For example, reversal of paths (rather than of discrete time) generalizes a distributional equality from queuing theory, between the Lindley (local sum) and maximum processes. Systematic investigation of an "ownership" relationship among vertices in 2 Z formalizes the notion of an island as a set of vertices having a common owner. Predictably, islands possess some stochastic ordering and spatial averaging properties. Moreover, however, the average number of vertices in a subcritical stationary island is 1, generalizing a theorem of Kac about stationary point processes. The generalization leads to alternative ways of simulating some island statistics.
Introduction and Notations
Consider the following set-up, motivated by applications to gapped alignments in bioinformatics [21; 26] . As usual, define { } Markov sequences [12; 13; 18] . Because Markov sequences are strong mixing [19, p. 488], they satisfy our hypotheses on L and ′ L .
In fact, some of our results generalize to models with random gap penalties (e.g., oriented percolation [15] ), to models where the ( ) , X i j are mutually independent (the so-called "independent edge models") [9] , or to dimensions higher than two.
Generalization is straightforward and therefore usually tacit.
The bioinformatics applications examine paths in the graph Γ . A (directed) path ( ) For Markov sequences, gapped alignment has a phase transition [4; 5; 11; 29] . The theory of subadditive processes underlies the mathematical details of the phase transition, which is covered adequately elsewhere [6] . We require on the phase transition only once, in Eq (5.1): most of the tools in this paper are from general ergodic theory.
The layout of this paper is as follows. Section 2 generalizes to two (or more) dimensions a distributional equality from queuing theory, between the Lindley (local sum) and maximum processes [7, p. 80] . The distributional equalities occur, because path weights are invariant under path reversal. Section 3 investigates a relationship between vertices called "ownership". Later sections rely heavily on Section 3 in developing theorems about "islands" [30; 31] , which are groups of vertices having a common owner.
Gapped alignment simulations motivate our interest in islands, because island statistics facilitate the rapid estimation of p-values for gapped alignment [1; 10; 22; 30; 31] . The pvalues also have some interesting analytic approximations [24; 25; 27] . Accordingly, Section 4 uses results from Section 3 to demonstrate that predictably, islands possess some stochastic ordering properties. Later, Theorem 3 in Section 5 shows that the average number of vertices in a stationary subcritical island is 1. Theorem 3 generalizes a theorem of Kac to two or more dimensions [8, p. 123; 16 ]. Kac's theorem states that in a stationary point process, the expected first occurrence time, given occurrence at 0, is the reciprocal of the unconditional probability of occurrence at 0. Theorem 3 also generalizes an identity from the theory of sums of independent, identically distributed random variables [7, p. 169; 20] . For variables with a negative expectation, the expected interval between weak descending ladder epochs is the reciprocal of the probability that the random walk has the maximum value 0. Finally, ergodic theorems in Section 6 show that in simulations of gapped alignment, some spatial averages converge to the corresponding expected values.
The remainder of the Introduction lists the notations that appear in more than one of the other sections. For the most part, our notations are standard [32] , e.g.,
Notations for translations and reflections are used throughout this paper. As a preliminary to the notations, give the probability space ( )
. The probability spaces accompanying the independent sequences L and ′ L then induce on Ω a σ -field F and probability
m n ∈ Z , consider the translation operator We also require the usual coordinate-wise weak partial order on 
In addition to the partial order, we impose the following weak total order on 2 Z : ( ) ( ) ( ) ( )
Throughout the paper, any unqualified " lim ", " lim inf ", or " lim sup " denotes the 
Distributional Equalities from Path Reversal
In gapped alignment, because path weights are invariant under path reversal, some important random variables enjoy distributional dualities. The dualities in this section require no assumptions about the distributions of the sequences L and ′ L , because they hold for each realization of the sequences. Theorem 1: For any ( )
Although weak convergence is restricted to continuity points s of ( )
asserts set-wise convergence, which is stronger. Because 
Ownership
This section investigates a relationship between vertices called "ownership in With these preliminaries, we examine the properties of islands in gapped alignment.
Stochastic Ordering Properties of Islands
This section exploits the tenacity of ownership described above to prove some stochastic inequalities for islands in different subsets of 
Because ij A + ∈ Z , stationarity yields Eq (4.1) and the rest of Theorem 2.
The Average Area of a Subcritical Stationary Island
This section explicitly assumes Eq (5.1) below. Eq (5.1) holds if the independent sequences L and ′ L are both Markovian and the corresponding gapped alignment is subcritical [6] , a set of sufficient conditions called "subcriticality" below. [6] , S ′ = ∞ a.s., so 0 A′ = a.s. In contrast, at subcriticality, the average area of an island times the density of roots should be 1, i.e., intuitively
The aim of this section is to prove, indeed, that Eq (5.1)
Define Define the stationary quantities
Our first goal is to show
The two bounds are proved as follows. Every vertex in 
Ergodic Theorems for Subcritical Stationary Islands
This section demonstrates some implications of the previous sections for computer simulations of subcritical gapped alignment. Define the spatial averages ( ) 
The following theorem provides reassurance that in simulations of subcritical gapped alignment, edge effects do not affect the average island size much. 
